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INTRODUCTION 
1.1 Brief History : 
Although the mathematical theor>' of elasticity was originated in the 
nineteenth century it is still a subject of deep interest as it has been finding 
its use and application in many modem problems. Initially its foundations 
were laid by Navier, Cauchy, Poisson, Clapeyron and others; and later on it 
became a subject of interest for mathematicians and physicists alike. It 
was developed as a classical subject making it a formulation of the problems 
in displacements or stresses. In 1952 G. Lame gave a general formulation 
of the problem of the theory of elasticity in displacements while E. Beltrami 
gave such a formulation in stresses. The general three-dimensional problems 
in elasticity involve a lot of calculations and on the other hand "plane case" 
brings great simplification of calculations. G. Airy [1], [2] gave the 
formulation of the problem of the theory of elasticity with the help of 
potential functions. Since plane problems are of particular interest from 
the practical and technical stand point, Airy's initial results were followed 
by extremely numerous workers using a great variety of mathematical 
methods. A detailed bibliography may be found in [33], [77], [91], [100], 
[105] and [106]. 
1.2 Plane Problems : 
The plane problem of elasticity is in no way less important and it 
covers a great variety of physical situations. These problems are classified 
in three categories. 
(a) Plane state of stress : 
In the case of a plane state of stress, it is assumed that three 
components of the stress tensor are equal to zero 
X = T = X = 0 . . . ( 1 . 2 . 1 ) 
zz yz z\ ^ ' 
and remaining components of stress tensor not identically equal to zero, 
but independent of the z-coordinate. The case of plane state of stress 
corresponds to a plane plate of constant thickness free of load on the parallel 
faces and acted upon on its boundary by load parallel to the middle plane 
and uniformly distributed along the thickness of the plate. A great number 
of construction elements are included in this class, such as: deep beams 
used for silos and single and multi-cell bunkers, deep beams without parallel 
boundaries (gables for bridges, haunched beams, etc.), horizontal or vertical 
stiffening diaphragms for mean and tall buildings in seismic areas, frame 
comers, junction plates for metallic structures, various machine parts like 
hooks, connecting rods etc., construction elements for ships, stiffening 
elements for aircraft wings etc. 
(b) Plane state of strain : 
In the case of plane state of strain, three components of strain tensor 
are equal to zero i.e. 
e = e„ = e = 0 ...(1.2.2) 
and remaining components of strain tensor being different from zero and 
independent of z-coordinate. Examples under this category are heavy dams, 
supporting walls, tubes, factory chimneys, vaults, long plates, rolls for bridge 
supports, the half-space subjected to uniformly distributed loads in one 
direction (geotechnical problems), pressure tubes etc. 
(c) Generalized plane stress : 
This is the plane state of stress in a thin plate -h < z < h when T = 0, 
throughout the plate, but e^= e^ .^ = 0 , only on the surfaces z = ± h of the 
plate. 
T^  = 0 , „.(1.2.3a) 
e„ = e^ ^ = 0, at z = ±h ...(12 3b) 
If the stresses and strains may also depend on z-coordinate, then we have a 
state of stress varying parabolically upon the plate thickness in the case of 
plane state of stress and linearly along the generatrix in the case of a plane 
state of strain. However, the case of a plane state of stress may be obtained 
for a plane plate whose thickness tends to zero [68]. 
Equations of eauilibrium : 
Though the above-mentioned problems are quite distinict from 
mechanical point of view, mathematically they lead to the same formulation. 
The equilibrium equations in terms of stresses are given as follows; 
dx. dy 
• + -
dx dy 
+ X = 0 , ...(1.2.4a) 
+ Y = 0 , ...(1.2.4b) 
where X, Y are the components of the body forces, x^, x^^ the normal stresses 
and x ,^ the shearing stress. The relations between the components of strain 
and displacement u,v are given by : 
dn _ d\ 
ex cy ' e „ = T - . e , , = — , ...(1.2.5a) 
cu cv 
^^=^^-^^r- . ...(1.2.5b) 
In the case of plane state of stress, the relations between components of 
stresses and strains are given as : 
e„ = - ( t „ - v T „ ) , ...(1.2.6a) 
e„ = - ( t „ -vx^J , ...(1.2.6b) 
e„ = T „ / M , . . . (1.2.6C) 
where E is the Young's modulus, v the Poisson's ratio and n the rigidity 
modulus. They are related as 
In the case of a plane state of strain the same relations are used, in which 
the elastic constants E and v are replaced by the generalized elastic constatns 
E^  and v^ , given by 
r- E V 
E o = T T' ^ 0 = - ; . . . . ( 1 . 2 . 8 ) 
1 - V 1 - V 
G.B. Airy [1], [2] formulated the plane problem of elasticity in a very 
convenient form. He showed that in absence of body forces, equations 
(1.2.4) will be satisfied if we take 
d'¥ d'¥ 
X . — ^ , ...(1.2.9b) 
where F = F(x,y) is an arbitrary function of x and y. J.C. Maxwell [61], 
[62] has shown however that the deformation of the body must also be 
considered and strain continuity equation, written in stresses under the form 
V^(x..+x„) = 0, ...(1.2.10) 
where V^  is Laplace's operator, must also be satisfied. Thus it was found 
that Airy's stress function F(x,y) must be biharmonic i.e. 
V*F(x,y) = 0. ...(1.2.11) 
Apart from being just an arbitrary function, Airy's stress function has several 
important and interesting physical significances. The tangential derivative 
of F gives the shearing force with the sign changed while the normal 
derivative of F gives axial force. 
1.3 Axisvmmetric problems : 
are concerned with a solid of revolution deformed symmetrically with respect 
to the axis of revolution. In such cases, the cylindrical coordinates p, 0, z, 
with corresponding displacement components u, v and w, the component v 
vanishes and u,w are independent of 0. Then the stress components are 
also independent of 0, two of them, tpgand T^ ,^ being zero. The general 
strain-displacement relations in cylindrical coordinates are given as : 
^ u c^ 
Cp = — , ee = - , e, = — ...(1.3.1a) 
op p oz 
du dw 
^ ^ ^ = ^ ^ ^ • ...(1.3.lb) 
cz op 
The equations of equilibrium are given as follows : 
^ + % + : ^PELZ2!1 .O , ...(1.3.2a) 
op oz p 
^ + % + — = 0 . ...(1.3.2b) 
ap c5z p ^ ^ 
Crack problems of a semi-infinite medium by an axisymmetrical punch can 
be discussed under this category. 
1.4 Methods of solution : 
As a plane problem plays quite an important role from the mechanical 
stand point, so many methods of varying types have been discussed. Here, 
we shall discuss some of them as they appear more elegant and easy from 
practical and calculation points of view. 
(a) Complei variable method : 
The method of complex variable was developed during the middle of 
the nineteenth century and became very popular. This is found to be very 
convenient in formulating the plane problems of elasticity. In plane problems 
the z-coordinate is completely absent from discussion, hence it should not 
be confused with the complex variable z = x + iy. The major development 
in the field of two-dimensional elasticity has been Muskhelishvili's [70] 
work on the complex form of the plane equations of elasticity. Proceeding 
from the representation given by A.E.H. Love [56] for the components of 
the displacement vector, G.V. Kolosov [46], [47] gave a representation of 
complex displacements and stresses (in the absence of body forces) of the 
form. 
^x.+-^^ =4[f(z) + f ( ^ ] , ...(1.4.1a) 
T„ -T„ + 2iT^ = 4[zf ' (z)+ v|/'(z)] , ...(1.4.1b) 
H(u + iv) = K«j>(z)-z(|.'(z)-M'(z) , ...(1.4.1c) 
where <|)(z) and v|/(z) are analytic function of z (z = x + iy), the prime sign 
indicates the derivative and bar on a quantity represents its complex 
conjugate and K is defined by relation (2.2.4). After imposing the boundary 
conditions, the three fundamental problems of the theory of elasticity can 
be reduced to problems of complex variable functions. A.E.H. Love [56] 
and N.I. Muskhelishvili [71]-[75] etc. made a remarkable contribution to 
the development of the subject in this direction. Apart from Muskhelishvili's 
treatise [70], these investigations are presented in various books on elasticity 
[36], [91], [100]. Later on, Stevenson [98], [99] refound independently the 
method of Kolosov and Muskhelishvili. Milne-Thomson discussed many 
boundary-value problems in his monograph [66]. The basic tools of the 
complex variable technique is conformal mapping of the domain under 
consideration. For performing this transformation, power series or Fourier 
series under complex form as well as the representation on the interior (fmite 
domain) or exterior (infinite domain) of a circle or the representation on a 
circular annulus (for doubly connected regions) are used. The mapping 
functions were used, for the first time, in the form of polynomials by 
E. Almansi [8], [9]. Martini [60] and Milne-Thomson [66] have discussed 
the domains acted upon by concentrated forces. Muskhelishvili has also 
given the method of solution of plane problems of elasticity using the 
properties of Cauchy-type integrals. 
(b) Integral transform technique : 
The method of integral transform is also very convenient for solving 
problems of elasticity. This method has been found to be very helpful in 
the case of crack and punch problems. Integral transforms like Fourier 
transform, Fourier cosine and sine transforms, Mellin transform, Hankel 
transform etc. are employed to solve various problems. The major 
contribution towards the development of the subject in this direction is due 
to Sneddon [93], [94] and his co-workers [57]-[59], [3], [4], [96], [102], 
[104]. Sneddon and Eilliot [96] have given the distribution of stress in the 
neighbourhood of a crack which is subjected to an internal pressure varying 
along the length of crack. Crack and punch problems for transversly isotropic 
bodies have been solved by Eilliot [21] using Hankel's transform. Sneddon 
8 
and Lowengrub[97] have written a monograph on crack problems in the 
classical theory of elasticity. Kurashige [51], [52] discussed a two-
dimensional crack problem for an initially stressed neo-Hookean solid and 
later on discussed a circular crack problem for the same. Employing his 
theory Ali [3] has discussed the case of opening a crack of prescribed shape 
in an initially stressed body. Recently Parray [81] solved a punch problem 
for an initially stressed neo-Hookean solid. These problems were solved 
with the help of Fourier transform and Hankel transform techniques. 
(c) Finite element method : 
The most modern technique for solving various physical problems is 
that of "Finite Element Method". This method actually originated for finding 
stresses in a certain domain when they vary very sharply wihin a short region, 
like aircraft wings, turbine blades etc. This method consists in dividing the 
given domain into sub-domains which are generally rectangular or 
triangular. In each sub-domains the stresses are found by some variational 
methods taking care that the solutions are compatible with that of the 
adjoining sub-domains at the boundary. The element properties are 
assembled and boundary conditions are imposed to get the solution for the 
entire domain. Afterwards the results are post-processed to get extra 
informations. 
Clough [18] was the first to use the phrase "Finite Elemen Method" 
in 1960 in a paper on plane elasticity problems. Applied mathematicians, 
physicists and engineers were developing the method in their own way 
according to their reuqirements. Applied mathematicians were concerned 
with boundary value problems of continuum mechanics whereas physicists 
were interested in the same things, but sought means to obtain piece-wise 
approximate functions to the present continuous function and engineers were 
searching for a way to find the solutions of the problems to determine stresses 
in the aero-elasticity field. The answers to their problem was ultimately 
given by finite element method which involves the use of a variational 
principle to derive the necessary element properties or equations. For further 
study one may refer to [10], [82] and [109] etc. In 1993 N. Miyazaki et. al. 
[67] analysed the stress-intensity factor of interface crack using this method. 
(d) Indirect and direct methods : 
To find the form of stress functions, indirect as well direct methods 
are used. The indirect method consists in assuming a certain state of stress 
in the interior of the body satisfying the boundary conditions and in verifying 
that all equations of elasticity are fully satisfied. If they are not satisfied 
then some other stress function has to be chosen and the computation 
repeated. The direct method is in selecting the potential function including 
certain arbitrary parameters which are ultimately found out with the help of 
boundary conditions. Another aspect of the direct method consists in 
approaching a problem through a general method like finite-difference 
method, complex variable method etc. which may lead to systematic 
calculations. Sen [86], [87], however, independently developed a direct 
method which is quite different from those of Muskhelishvili and others. 
He employed the method to solve several problems in a very elegant and 
direct way. This method involves the selection of a suitable form of complex 
potential containing certain unknown constants. These constants are 
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ultimately found out by satisfying the given boundar>' conditions. Later on 
various workers adopted this method to solve a variety of plane problems 
[5], [80]. 
(e) Finite-difference method : 
The finite difference method is another useful method for practical 
calculations, in which rectangular, triangular and hexagonal nets can be 
used. Usually, parabolic arcs are employed for approximating the net 
curvilinear sides. The problem reduces to solving a finite system of linear 
algebraic eqauations. For more accurate results, higher degree parabolic 
arcs may be used. In the case of fourth-degree parabolic arcs, Dubas [19] 
has given a suitable method for solving the problem in two stages, using for 
each of these stages a second degree parabola. One of the most modem 
aspects of the iteration methods used for solving the system of linear 
equations mentioned above is given by Southwell's [92] relaxation method. 
Later on Fox [26], [27] applied this method to plane problems of elasticity. 
(f) Reduction to integral equations : 
Using the method of Cauchy-type integrals, the plane problems can 
be reduced to integral equations which can be set under the form of 
Fredholm-integral equations. This method is useful for a simply-connected 
region which is conformally transformed onto a circle. For multi-connected 
regions, Mikhlin [63], [64] modified this method using complex Green 
functions with a logarithmic singularity. Muskhelishvili [71], [73] suggested 
integral equations for more general type of boundaries in which the integrals 
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were considered as Stieltjes integrals. Lauricella [53], [54] reduced the 
problem to an integral equation with real functions whereas similar reduction 
with complex functions was given by Sherman [88], [89]. Sneddon [95] 
has solved various potential problems after reducing them into integral 
equations. A special problem of some interest is the 'contact problem'. The 
problem can be reduced to that of solution the integration of integral or 
integro-differential equations. Problems of rigid punch (rectangular, circular, 
parabolic etc.) on an elastic half-plane come in this category and for this, 
one many consult monographs by Galin [28] and Shtearman [90]. Recently, 
in 1995, Mikhlin et.al. [65] have written a treatise on the integral equations 
which covers the classical method of potential theory for investigating the 
problems in elasticity. 
(g) Other methods : 
Besides the methods mentioned above, there are various other methods 
which are greatly useful in solving the problems of elasticity. Calculus of 
variation has recently found its remarkable application to plane problems 
of elasticity. The most modern technique is the use of electronic computers 
for performing various intermediate computations (e.g., solving of system 
of linear algebraic equations which intervene in the method of networks, in 
the method of setting the boundary conditions by points etc.) or for 
accomplishing a programme according to certain algorithm of calculation. 
Still another method is to determine the stresses experimentally on a 
model. Wieghardt [107] observed the analogy between the biharmonic 
equation satisfied by Airy's function and the equation of plane thin plates, 
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subjected to bending, in the absence of a load normal to the middle plane. 
The deformed middle surface of the thin plate, free of load, but subjected 
to certain deformations on the boundary will give the Airy's function 
F(x, y). The normal stress will be proportional to the curvature of this 
surface and tangential stress will be proportional to the geodesic torsion. 
The most widespread experimental technique is, however, the 
photoelastic one based on models made of a special material optically 
sensitive, translucent and isotropic which under the action of external loads 
become optically anisotropic and enjoys the property of polarizing the light. 
Another experimental technique which began to be abundantly used lately 
is that of brittle lacquers which, covering the faces of a deep beam, crack 
along the isotropic lines. For determining the state of strain, mechanical or 
electronic transducers can be used [49] the stress tensor being subsequently 
determined. 
1.5 Survey of some recent work : 
Recently punch and crack problems have been the interest of many 
investigations. Almost all modern mathematical tehcniques have been 
employed to solve these problems. As a major part of the present work 
contains discussions on these topics, a brief survey of the literature is given 
as under : 
Punch problems : 
The problem of plane punch or indentation has been investigated for 
many years due to its broad application in engineering mechanics. This is 
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one of the mixed boundary value problems and may be considered as a 
particular contact problem because of the line contact region. For the contact 
problems, most of the analytical formulas can be found in the books written 
by Galin [29], Gladwell [30] and Johnson [42]. Muskhelishvili [72] and 
England [22] provided solutions for several types of punch problems in 
their books using the method of analytical continuation. Gladwell and 
England [32] have studied the case of certain orthogonal polynomial 
expansions in the solution of some mixed boundary value problems such as 
crack and punch problems. Frictional punch of flat-ended or wedge-shaped 
profile with crack initiating at one end of the contact region has been studied 
by Hasebe et.al. [38] and Okumura et.al. [78] who used a rational mapping 
function and complex stress function to carry out the analysis. Fabrikant 
[23], [24] presented an integral equation based on the reciprocal distance 
established by himself to solve the problem for a punch of arbitrary shape 
on an elastic half-space. 
The literature survey stated in the above paragraph is for the cases of 
isotropic materials. For anisotropic materials, Willis [108] studied the 
Hertzian contact problem of anisotropic bodies by the Fourier transform 
method. Chen [16] investigated stress fields in an anisotropic half-plane 
due to indentation and sliding by a frictionless punch with smooth end face. 
Jaffar and Savage [39] investigated the contact problem in which an elastic 
strip is indented by a rigid punch of arbitrary shape by using a numerical 
method proposed by Gladwell [31]. Klintworth and Stronge [45] used a 
potential function approach to construct solutions for planar punch problems 
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in an anisotropic half-plane where there is no slip on the surface of a flat 
punch. In contrast to homogeneous materials, a multi-layered medium 
bounded to an elastic half-space has also been examined by many 
researchers. For example, Lin. et.al. [55] applied the complex potential 
functions suggested by Green and Zerna [35] and Pan and Chou [79] to 
obtain the closed-form solution for a transversely isotropic half-space 
subjected to various distribution of normal and tangential contact stresses 
on its surface and Kuo and Keer [50] used the Hankel transform to 
numerically solve the contact problem of a layered transversely isotropic 
half-space. 
Although there are many results obtained in the literature the 
analytical solutions for the general punch problems, such as a problem of 
arbitrary number of punches with arbitrary profiles, to our knowledge, have 
not been found for the general anisotropic elastic half-plane. If such a 
general solution can be found analytically, the effects of material anisotropy 
and punch profiles can be studied easily, which is helpful for the physical 
applications to composite materials, road pavements, geotechnical 
engineering and tribology, etc. Recently in 1996, C.W. Fan and Chanbin 
Hwu [25] solved a punch problem for an anisotropic elastic half-plane by 
analytical continuation method. In 1997, Parrey [81] solved a punch problem 
for an initially stressed neo-Hookean solid. 
Crack problems : 
Recently much attention has been put to the problems of elastic 
medium having some cracks. Sneddon and Lowengrub [97] have written a 
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monograph on crack problems in the classical theory of elasticity. As is 
obvious from the literature, the integral transform and Hankel transform 
techniques play a very important role in solving these problems. Employing 
this tehcniqiie, Ali [4] has solved a problem of an infinite solid having a 
pair of Griffith cracks. Clifton and Mertaugh [17] have discussed elastic 
analyses of planar cracks of arbitrary shape. Analytical solutions have been 
obtained for some three-dimensional cracks, for instance, circular and 
elliptical cracks in an infinite isotropic body by Kassir and Sih [43], [44] 
and Sneddon and Lowengrub [97]. Analytical solutions for irregularly 
shaped three-dimensional cracks are not available and numerical mehtods 
have been developed for finding the stress distribution and relative crack-
surface displacements for these cases by a number of researchers. For 
example Bui [15], following Kossecka [48] obtained a singular integral 
equation by the use of single layer and double layer potentials for a three-
dimensional crack. Bui [IS] obtained numerical solutions for a square crack 
under uniform pressure. 
Special numerical techniques are required to solve the integral 
equations because the kernels are singular. A numerical procedure has been 
given by Murakami and Nasser [69]. Solving the singular integral equations 
numerically gives the relative crack-surface displacements and stress-
intensity factors for the three modes of crack opening. Recently in 1996, 
Sarkar et.al [84] have discussed the problem of four coplanar Griffith cracks 
moving in an infinitely long elastic strip under anti-plane shear stress. The 
analysis of a straight crack with finite length inside a linear elastic half-
plane solid or other half-plane related solid is of considerable importance 
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in the field of fracture mechanics. This type of problems has been 
investigated by Gupta and Erdogan [37]. The problem of a circular crack 
and that of a two dimensional crack in an initially stressed neo-Hookean 
solid have been studied by Kurashige [51], [52]. 
1.6 Abstract of the thesis : 
Chapter I of the present thesis gives the general introduction and brief 
histor>' of the mathematical theory of elasticity. This subject is very rich in 
the sense that it has originated long back in the nineteenth century and has 
continually developed to the present classical form An attempt has been 
made to squeeze in such a long history into a brief one alongwith the basic 
equations and mathematical formulations. The end of this chapter provides 
an idea about the recent developments in this direction. 
Chapter II, contains the discussion of solution of first fundamental 
plane problems by complex variable methods. Basically the discussion is 
confined to the methods evolved by Muskhelishvili [70] and Milne-Thomson 
[66]. Employing these methods the first fundamental plane problem of an 
epitrochoidal disc has been discussed. The disc is assumed to be under two 
concentrated forces applied at the ends of the major axis of the exterior 
bounding epitrochoid. In later part of this chapter, an attempt has been 
made to solve the first fundamental plane problem of a Lemniscate of Booth 
under two concentrated forces. In both cases the plates are assumed to be 
thin, isotropic and homogeneous. The stresses are found out and in each 
case the variation of stress-intensity factor has been shown graphically. 
Chapter III, deals with the techniques of integral transform which are 
found to be very convenient for solving indentation and crack problems. It 
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contains some important integral transforms which are used in solid 
mechanics. Using this technique, a crack problem of an initially stressed 
neo-Hookean solid has been solved by Hankel transform. The components 
of incremental displacement and incremental stress are found out and their 
variations are studied graphically. 
In Chapter IV, the variational approach has been discussed and 
employed to solve a classical problem of a rectangular plate simply supported 
at two parallel sides and clamped at two other parallel sides by (i) Ritz 
method (ii) Galerkin's method and (iii) Kantorovich's method. The case 
of a square plate has been obtained as a particular one. Expressions for 
stresses have been obtained and studied graphically. 
Chapter V deals with a punch problem. Indentation of a two-
dimensional semi-infinite medium by an infinite row of parabolic rigid 
punches has been considered. The medium has been assumed to be 
homogeneous and isotropic while the punches are assumed to be rigid. The 
punches are pressing the medium normally along its boundary. The 
expression for stresses and displacements have been obtained. The variation 
of the pressure under a typical punch has been studied for various values of 
a parameter. Later on in this chapter, an attempt has been made to study a 
bio-engineering crack problem. It discusses the rupture of human skin 
membrane under the impact of a paraboloidal projectile (i.e. a bullet). The 
skin has been treated as a homogeneous, isotropic elastic membrane like a 
ductile material. The tip of the bullet has been considered to be paraboloidal 
and is made of steel or lead. The threshold velocity when the skin membrane 
is about to rupture has been calculated for human beings of various age 
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groups. The threshold velocity for a bullet of certain dimensions have been 
found, for all age groups, to be less than that of a spherical projectile under 
similar condition. The variations of the threshold velocity for different age 
groups and different material of the bullet has been shown graphically. The 
content of this chapter has been published in Def. Sci. J. Vol., (46) (4) 
(1996), 233-236. 
Towards the end, a complete bibliography of research publications 
and books which have been referred in the thesis is given. 
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CUaPTER - // 
COMPLEX VARIABLE METHOD 
2.1 Introduction : 
The complex variable technique has been found to be very effective 
in solving plane problems and axisymmetric problems in elasticity. Though 
the method has been developed by G.V. kolosov [46], Milne-Thomson 
[66], Stevenson [98], [99] and others long-time ago, it finds its application 
in many problems even today. Muskhelishvili [70] has developed it 
independently and given in the form of a monograph. Later, Sen [86] has 
given a direct method to solve some plane problems.Using his technique, 
Parrey [81] has solved the first fundamental problem of a thin infinite 
plate having an epitrochoidal hole under uniform pressure. Though this 
method is elegant but it involves some intuitional selection of certain 
expression and this is the point where this method loses its credibility. 
Later on Parrey [7] has discussed a confocal elliptic ring under two 
concentrated forces. 
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In this chapter, the complex variable technique as developed by 
Milne-Thomson [66] has been employed to solve the first fundamental 
problems of 
(i) an epitrochoidal disc under two concentrated forces, 
(ii) a lemniscate of Booth under two concentrated forces. 
2.2 Basic equations : 
The plate has been assumed to be thin, homogeneous, isotropic and 
adopting Filon's notion in the state of 'generalized plane stress'. In this 
case the actual stresses and displacements are replaced by averages taken 
throughout the thickness of the material of the plate. Taking the middle 
plane of the thin plate of thickness 2h as xy-plane, we have Xzz = 0 throughout 
the plate but, z^ = tyz = 0 on the surfaces z = ± h of the plate. Henceforth 
since the discussion will not involve the z-coordinate there should not be 
any confusion regarding the complex variable z = x + iy. In absence of any 
body forces, rotations and dislocations, the equations satisfied by 
components of average stresses (x^^, Xyy, x^) and average displacements (u,v) 
are given as follows [66], 
t„ +x„. -Wo(z)4W„(z), ...(2.2.1) 
T„-x„+2ix^. = rWo(z) + Wo(z), ...(2.2.2) 
4^(U + W) = K | Wo(z)dz-zWo(z)-f w„(z)dl, ...(2.2.3) 
where ^ is the modulus of rigidity, and Wo(z), Wo(z) are given by 
2(j)'(z) = Wo(z) , 2\[i'{z) = Wo(z). The elastic constant K is given in the 
terms of Poisson's ratio v by the relation : 
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K = (3-v)/(l + v) for the generalized plane stress, ...(2.2.4a) 
K^3-4v for plane deformation. ...(2.2.4b) 
Two-dimensional problems of plates having discs of curvilinear boundaries 
can be tackled very conveniently if their boundaries are conformally 
transformed onto a circle. Let the curvilinear boundary C in the z-plane be 
mapped on the circle F ; !<; | = a in the q-plane by the transformation 
z = m((;), g-e '^ ' \ a-e^° ...(2.2.5) 
The complex stresses W(c;) and v,'{c,) are given as 
W„(z) = W„[m((;)]= W((;), ...(2.2.6a) 
Wo(z) = wo[m(<;)]=w(g). ...(2.2.6b) 
The stresses x x^ ,^ x^ ^ and displacement u,v (in the z-plane) are given 
as [66]: 
2(x. + ixj= W{q) + W(c) - ^ ^ W ( q ) - ^ ^ MQ), ...(2.2.7) 
2(,„-,tJ=Wfe) + W(,) + i ^ W ( ; ) . g | w ( ; ) , ...(2,2.8) 
and 
4n|-(u+iv) = ^W((;)-W(g)]ic;m'(q) + [n((;)W((;) + m'(<;)w(q)]i^ ...(2.2.9) 
Let a be a point on the circle r of radius a = e^» and the boundary value of 
the stress x^ . + ix be given by 
^5; + > ^^ n =-P(^)•*"'s(«') onT , ...(2.2.10) 
where P(CT) is the pressure and s(c) is the shear. From (2.2.7) we have 
ni'(<;)W(0 + m'(;)W(r)-:^m((;)W (;) 
c / \ ...(2.2.11) 
-^m'(q)w(c;)=2(x,,+ix.Jm'((;). 
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Following Milne-Thomson [66], we apply to (2.2.11) general continuation 
for the circle to give 
m 27ti"'i a - c ...(2.2.12) 
with the continuation obtained by writing zero for t^ ^ + ix,^ and (a /g) for 
q in (2.2.11) , 
l'.2^ 
m'((;)W(q) —m'(q)W 
V ^ y 
2 ^ o2 „2 r i ^ 
— a a — ; a 
m(q)W' — + — m " — 
<; ? i, q y 
/ ^ . 2 A 
w u , (qinR) 
...(2.2.13) 
where L and R denote respectively the regions inside and outside the circle 
r . From (2.2.13), by writing q for (a^ /q) and (a^ /q) for c; and taking the 
complex conjugate, we have 
m'C;) w(q)=\m' (q) W(c;) + W ^ ^ ^ 
O 
^ ^ ^ 
m 
<;^ W'U) , (c^inL). ...(2.2.14) 
The function y(^) in (2.2.12) must be continuous across F and adapted to 
the conditions of the problem which will be taken to be 
(i) The function w{c,) must be holomorphic in L. 
(ii) If L contains the point oo, the stresses at infinity must have 
given values. 
(iii) The solution must be non-dislocational. 
However, we can dispense with the function w(c) expressing stresses in 
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terms of W((;) and its continuation in R. Taking complex conjugate (2.2.13) 
and then eliminating from (2.2.7) and (2.2.8), we have 
2qm'(0(T« +iT,J=qin'(OW((;)-im' V W 
m((;)-m 
<;ni'(<;)-=m' 
^ ^ 
v^y 
<;W'(<;) 
W((;)-
...(2.2.15) 
2qm'(<;)(T„,-ix,J=(;m'(.;)W(0-+im' w 2 
v.^  
+ 
1 
+ 
^1^ 
V '^V 
W(<;) + 
QW{q) . . . ( 2 .2 .16 ) 
The displacement component (u,v) in a similar manner are given by 
4n(u+iv) = iK(;m'((;)W((;) + =m 
-<;m'(q) 
m(q)-m 
1 
xiw(q) + —m' iW + 
^1^ 
v^y 
i<;W'(<;) 
...(2.2.17) 
Equations (2.2.15) - (2.2.17) are used to obtain the components of stress 
and strain. 
2.3 Plate in the form of epitrochoidal disc under concentrated 
forces : 
The plate has been assumed to be thin, homogeneous, isotropic and its 
boundary under the action of two standard concentrated forces F and -F as 
shown in Fig. [1]. 
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S-plor>e 
* - p l o n e 
Fig 1 Transformation o< on Epitrochoid into o circle 
The transformation function 
...(2.3.1) z = m{q) = c 
where 
4 
c < 0 , 0 < k < l , q = e^"i 
maps the boundary C of the epitrochoidal disc in the z-plane onto a unit 
circle T in the <;-plane. The regions inside and outside C, denoted by Lj and 
Ri are mapped onto those inside and outside r , denoted by L and R 
respectively. 
From (2.3.1), the parametric equations of the boundary C of the 
epitrochoidal disc are given as : 
r k 
X = c cosr| + —cos4ri 
4 
r V ^ 
y = c 
k . ^ 
sinT| + —sin4ri 
4 
...(2.3.2a) 
.(2.3.2b) 
where T] is the vectorial angle of any point on r . A and B are the points on 
the contour C corresponding to TI = 0 and r| = TC. Let the distances 
c(l +k/4) and c(l-k/4) of A and B from origin be denoted by 'a' and 'b' 
respectively. The whole boundary C of the epitrochoid is unloaded except 
the two points A and B where standard concentrated forces F and - F act to 
keep the plate in equilibrium. In infinitely small neighbourhood of these 
points the stresses are unbounded. Physically this difficulty is resolved by 
plastic yeilding. This being in ver>' small regions near these points, we 
think these forces to be applied as distribution of stress over small areas 
around A and B instead of being concentrated at these points. 
Let e be infinitesmal and points A,, A2; Bi, B2 on the epitrochoid be 
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z^= a(l-ie), z ^ a(l +ie), 
Zg= - b(l + ie), Zg= - b(l + ie) 
given by 
...(2.3.3a) 
...(2.2.3b) 
The standard concentrated force F will be obtained as the limit £ -^ 0 of a 
uniform distribution given as 
p F/2aE on arc A) A A2 
-p(a) + is(a) = } ...(2.3.4) 
L F/2bE onarcBiB 63 
The unknown VJ;(<;) in (2.2.12) is obtained by considering the singularities 
of Tn\q) W(q) in R. Since R contains the point 00 and "^ (^ ) - ^ k . 1 « + 4« has 
a pole of order four at c; = 00, it follows that m\c,) W(<;) will have a pole 
there of order three at the most. Hence, we can write 
»F((;) = A„+A,q + A,(;^  + A,<;\ ...(2.3.5) 
where Ay, Ai, A2 and A3 are unknown constants. The equation (2.2.12) 
reduces to 
m'(g)W(g) = - ^ - f c(l + k a ' ) 
A1AA2 G -C, 
do + 0(1+ ko^) 
27tbEi •'"i»"2 o-q TI do + 
Noting 
-i-Ag+A^q + A^q^+AjC,^ ( q inLorR) 
1 + ka 1 ' 1 1 > 1 + kq 
= k o ' + kqa + kq- + — 
G-q a-q 
equation (2.3.6) reduces to 
.(2.3.6) 
ni'(q)W(g) = Fc 
27taei 
F 
+ • 
^ + ^  + kg^a + ( l - fkg ' ) l n (a - ; ) 
k o ' kc,a' 
27ibei 
+ 
a A, 
3 + ^ + kq'o + {\ + kq')\nio-q) 
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fB, 
.(2.3.7) 
Since, on the contour C, dz = iea on going from A to A2 and dz = -ieb on 
going from B to B2, thus to the first order of e we have 
iea 
c(l + k) 
and 
ieb 
-do = 
c(l + k) 
Thus we have 
iea 
^ ^ ' ' ^ c(l + k) ' 
ieb 
a„, =-1 + 
°' 0(1 +k) 
on going irom 0^= 1 
on going from Og = 
iea 
n — 1 1 
^ 0(1+ k) ' 
, ieb 
^ o(l + k) 
to t^ A, 
-1 to Oj^ , 
...(2.3.8a) 
...(2.3.8b) 
Substituting these values in equation (2.3.7) and using the logarithmic series 
in the form ln(l+qe) = qe , equation (2.3.6) gives 
o(l + k;^ )W(<;) = 
From (2.3.9) we get 
2F 
7t(l-<;^) + Ao+A,g + A2?'+A3(;' ...(2.3.9) 
V ^ J 
w 
/',^ 
'^J 
-Ifq' . A, A, A3 
...(2.3.10) 
The unknown constants of equation (2.3.9) will be found out using the 
holomorphy condition of the function w((;) given by (2.2.14). By Laurent's 
series expansion, the function w((;) can be expressed as follows : 
cw(q) = -f- + ^  + ^  + - ^ + ^  + f(g) 
...(2.3.11) 
where f(q) is holomorphic in L and 
B, =k A 2 F 
7 T ; 
A, 
...(2.3.12a) 
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B, = A , + - A , k , 
^ 2 Ao + 
2F 
+ A., 
B. = 
2F^ 
Ao + — 1 - — 4 
k ^ A3 
1 - - + 
B o = ^ ( l - k ) - ^ A , k ^ 
..(2.3.12b) 
..(2.3.12c) 
...(2.3.12d) 
...(2.3.12e) 
...(2.3.13) 
In order that w(c) may be holomorphic in L, we must have 
B4 — B3 = B2 = B) = BQ = 0 , 
Equations (2.3.13) from a system of five simultaneous equations in four 
unknown constants Ao, A,, A2 and A3. The system is found to be consistent 
and solving we have 
A, = A2 = 0 , ...(2.3.14a) 
2F 
8kF 
A „ = .(2.3.14b) 
A3 = 
...(2.3.14c) 7c(k' + 4k - 4) • 
Since the boundary is unloaded except at point A and B, equation (2.3.9) 
gives W(q) for q in L or R. Therefore 
W(0 = 2F 
71(1 + kg') - 1 + 
4kg' 
...(2.3.15) 1 - g' k' + 4k - 4 
The stresses are found out easily from (2.3.15). For k = 0, the epitrochoid 
becomes a circle and the solution agrees with the known result for a circular 
plate. 
Stress-intensity factor : 
The stress-intensity factor S = (x^ ^ )^^ for the epitrochoidal disc is 
given as : 
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S = (t , ,)^ 0 =a,aj +b,bj +tija^+h,b^+&,l&^&y-h,h^ +a ,a , - b , b , ] -
-b,[a,b7 + a , b , + a , b , +a,b,]+a„[a,„a„ +b,ob„]+ 
+ b,Ja,ob„+a„b,o] 
where 
a, = 
2F [l - cos 2TI] + A , cos 3TI 
' 7iD, 
2F 
b, = sin 2TI + A3 sm 3r| 
7cD, ' 
a, = —[1 + kcos3r|] 
^ D , *• 
b, = — k s i n S n 
D, 
2F 
a, = (1 - cos2r|) + An + A, COS3TI 
TiD, " 
2F . ^ » -> 
b, = sin 2TI + A, sin 3TI 
TtD, ' 
a. = — ( 1 + kcos3Ti) 
b. = — (ksin3ri) 
a, = D, 4 „ 
cos n + k cos 4r| + — cos 2ii 
b, = 
^ k^^ 1 + — 
V 4 , 
sin n - k sin 4TI + — sin 2ri 
4 
4F 
4F 
TtDf 
[- cos r| + COS3TI] + 3A, cos2r| 
[- 3 sin n + sin 3TI] - 3A3 sin It] 
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a, = — ( 1 + kcosSn) 
b, = —(ksinSti) 
2F 
a, = (l-cos2ri) + Ao +AJCOSSTI 
-2F 
b, = sin 2T) - A, sin 3TI 
TtD, 
ao =—r 1 + 2kcos3n +k^ cos6n 
b„ = ^ 2k sin 3ri + k^  sin 6r| 
a,o = —[COS2TI + k^  COSSTI + 2kcos5Tij 
b,o = [sin 2r| + k^  sin 8TI + 2k sin 5r|J 
2F 
a,, = (1 - COS2TI) + AQ + A, COS3TI 
7tD, 
b,, = sin 2r| - Aj sin 3r\ 
TiD, ' 
a,, = —fl + kcos3n] 
b,j = —(ksin3Ti) 
D, =4sin^Ti , D^  =l + kcos3Ti + k^  
The constants AQ and A^ being known, S can easily be calculated. 
For k = 1/4, 1/2, the variations of S are shown in Fig. [2]. 
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O:r025 
Fig. 2 V a r i a t i o n of stress-intensity f a c t o r 
Discussion : 
Fig. [2], shows that near T| = 0° when the concentrated force is 
acting, the stress-intensity factor S is infinitely large and is of tensile nature. 
But as r| increases the magnitude of S decreases vanishing at somewhere 
between r| = 35° and 40°. When x] = 60°, where there is a cusp, S attains its 
maximum value and then decreases continuously. It again becomes infinite 
near TI = 180° where the concentrated force is acting. 
As the value of k increases, this variation becomes more appreciable. 
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2.4 Plate in the form of Lemniscate of Booth under concentrated 
forces : 
In this section, the method used in the previous section has been 
employed to the case of homogeneous, isotropic, elastic thin plate in the 
form of lemniscate of Booth. 
The transformation function 
z = m(c) = 7- (2 4 \) 
where 
o O , 0<k<l, c; = pe'®, 
maps the boundary C of the lemniscate in the z-plane onto a unit circle r in 
the q-plane. The Fig. [3] shows the lemniscate for k = 0.8. When k ^ 1^  
the two points A and B approach each other and the region of the lemniscate 
differs little from that produced by two contacting circles of equal radius. 
The plate is assumed to be under the action of the standard concentrated 
forces F and -F applied at the extremities A and B. The regions inside and 
outside of lemniscate C, denoted by Lj and Ri are mapped onto those inside 
and outside F, denoted by L and R as shown. 
The anticlockwise sence of description of C has been taken as positive. 
As C is described in z-plane in the positive sense. F is also described in the 
same sense in the q-plane. From (2.4.1), the parametric equations of the 
boundary C of the lemniscate are given as follow s : 
(l+k)cos9 
c(l + kcos2e + k') ' ...(2.4.2a) 
(1-k)sin9 
0(1 + 2k00820+ k') ' ...(2.4.2b) 
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X = 
r R 
S-plone 
?-plone 
Fig 3 Tronsiormct ior of Lemmscote of Booth into o circle 
where the parameter 9 is the vectorial angle of any point on r. The whole 
boundary C of the lemniscate is unloaded except two points A and B, where 
standard concentrated forces F and -F act to keep the plate in equilibrium 
and at these points, stresses become infinitely large. However, this 
difficulty is overcome by the fact that at these points, plastic yeilding occurs 
in a very small neighbourhood of these points due to infinitely large stresses. 
This being a very small region near these points, the force is supposed to be 
uniformaly applied around these points extended to a small length e on 
either side of the points. As shown in fig [3], the points Ai, A, A2, Bj, B, 
B2 in the z-plane are mapped onto the corresponding points in the (;-plane. 
In the z-plane 
^^  = ^ = ' ' '^ = ^ = -^ ^^ ^^ ^ •••(2.4.3a) 
ZA, = ZA+d, z^j = z^ -d , ...(2.4.3b) 
ZB, = -Zfl+d, Zgj = - Z s - d . ...(2.4.3c) 
where 
d = iaE 
ZAI =a(l + ie) , z^ ^ =a(l-iE), 
Zfii = - a(l - ie), ZBJ = - a(l + ie). 
The standard concentrated forces F will be obtained as the limit when 
e -> 0 of a uniform stress distribution given as follows : 
-p(a) + is(a) - /^gg on arcs AjAAj and B,BB^ ...(2.4.4) 
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The form of \\j{c,) in (2.2.12) is obtained by considering the singularities of 
m'(q) W((;) in R. Since R contains the points oo, and '"(^) = ^ .j^j^ 2x has 
a pole of order one at q = oo, it follows that m'{q) W(q) will have a pole 
there of order zero at the most. Hence the function \\i{c,) is given by 
v|/(<;) = A , ...(2.4.5) 
where A is an unknown constant. The equation (2.2.12) reduces to 
m (c)W((;)=:- f F (ko ' - l ) do .2 , ^\2 • + TO .jX.^ ^ 2ea (ko '+DMo-q) 
f F ( k o ^ - 1 ) da A / • T T>^  (2 4 6) 7 1 —^; r + A (cinLorR) •••V^'+"; 
' B1BB5 
2Ea (ko '+ l ) ' ( a - ( ; ) 
Noting 
(ko^-l) A + Ba A,+B,a E 
(ka '+ l ) ' (o - ( ; ) (ko'+l) (ka '+ l ) ' (o-q) ' 
equation (2.4.6) reduces to 
m'(q)W(q) = 
27caei 
-7=tan''Vko +—ln(ka^+l) + —7= 
Vk 2k ' 2Vk 
r 
tan'Vic 0 + aVk 
^ B. 1 
( k a ' + l ) ' j 2k(l + k ' ) + EIn(o-(;) 
O A I 
+ 
O A I 
Inazi 
B 
Vk 
tan' 'Vka +—ln(ka^ +1) + 
tan Vk< 
2k 
aVk 
( k o ' + l ) ' 
2Vk 
B, 1 
2k (1 + k ' ) + Eln(o-(;) 
O B , 
,.(2.4.7) 
JOB, 
Since on the contour C, dz = iae on going from A to A2 and dz = -iae on 
going from B to B2, thus to the first order of e we have 
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and 
(1 + kc^)^ do = ; iea = f, (say) on going from o^= 1 to o^^ 
(1 + kq^Y . r . . 
do = r-T— • >ea - i2(say) on going from o^ = -1 to o^^. 
Therefore we have 
o.. = 1-f, 'Al - M , " A 2 - * ' M o . , = 1+ f, 
«JB, = - 1 - ^ 2 CJB: = - l - f 2 
...(2.4.8a) 
...(2.4.8b) 
Equation (2.4.6), using the logarithmic series in the form ln(l + ne) = ne, 
reduces to 
" 1 2k 1 + kc;' 1 
m' (0 W((;) = — 
71 1 - ; ' (1 + k)' 1 - kg' 1 + k + A .(2.4.9) 
The unknown constant A will be found using the holomorphy condition of 
the function w(<;) given by (2.2.14). By Laurant's expansion, the function 
w(c;) can be expressed as follows : 
cw(<;) = —+ g(q) 
...(2.4.10) 
where g(<;) is holomorphic in L. Hence we must have A = 0 , and then the 
equation (2.4.9) reduces to 
m' (0 W((;) = 2F 
71 
1 2k 1 + kq' 
...(2.4.11) 1 -Q' (1 + k)' 1 - kq' 1 + k 
W((;) being determined, the problem is completely solved. The stresses are 
found out easily from equations (2.2.15) and (2.2.16) and displacements by 
(2.2.17). For the particular case, when k = 0, the lemniscate of Booth 
becomes a circle and the solution agrees with the known result for a circular 
plate. 
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Stress-intensity factor : 
The stress-intensity factor S, = {x^^)^Jor lemniscate of Booth is given 
as follows : 
4F [ " l - (k + l)cos2Ti + k(k + l)cos4Ti + 
7tg,g2 L^C^' +2k-k ' )cos2T i + k (k ' - 2 k - 2 ) 
4F 
u(l + krg, 
l + k^cos6Ti + (k ' -3k^ +k)cos2Ti + 
+ 2kH l - k ' ) cos4 r i + 3k^ (k^ -2 ) 
4F 
7C(l + k)g 
-[l + k^cos4Ti + k ( l - k^ )cos2T i -2k^ ] 
where 
g, =l-2kcos2'n + k^ g2=4sin^Ti 
For k = 1/4, 1/2, the variations of the stress intensity factor have 
been studied and given in Fig. [4]. 
Discussion : 
As the lemniscate of Booth is symmetrical about both the axes, the 
variation of the stress-intensity factor has been studied for the values of TI 
from T| = 0° to r| = 90° only. Near T} = 0°, where the concentrated force F 
acts, it is infinitely large, but decreases asymptotically as r\ increases. Near 
r\ = 90° it is negligibly small as per Saint-Venant's Principle. 
Further for higher value of k (i.e. k = 0.5) the stress-intensity factor 
is initially higher near r| = 0 but decreases more sharply as compared to that 
for k = 0 25. As for k ^ 1, the Booth becomes just two contacting circles, 
stress-intensity factor for k -^ 1 will become still higher as compared to 
those for lower values of k. 
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Fig 4 Voriation of stress- intensi ty (actor 
mwfim • II 
caapTER - III 
INTEGRAL TRANSFORM TECHNIQUE 
In the previous chapter, we have already discussed the powerful 
function-theoretic method of complex variables developed by Muskhelishvili 
[70]. Though the method of integral transform has been overshadowed by 
that of complex variable it still has something to offer especially in the 
discussion of the problems in which the geometry is not simple. The 
technique of integral transform has been found to be very useful in the case 
of crack problems. The major contribution towards the development of the 
subject in this direction is due to Sneddon [93] and co-workers. I.N. Sneddon 
and M. Lowengrub [97] has written a monograph on crack problems in the 
classical theory of elasticity. Crack and punch problems for transversely 
isotropic bodies have been solved by Eilliot [21], using Hankel's transform. 
Sneddon and Eilliot [96] have solved the distribution of stress in the 
neighbourhood of a crack which is subject to an internal pressure varying 
along the length of the crack. Using integral transform technique, Ali, M. 
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[3] has discussed the case of opening of a crack of prescribed shape in an 
initially stressed body. Later on, Parray [81] solved a punch problem for an 
initially stressed neo-Hookean solid. In solving the boundary value problems 
in elasticity the following transforms are very frequently used : 
I. Fourier Transform : 
The Fourier transform is defined as 
F(p) = ^ f f (^ ) e*"' d^, 
with its inverse transform 
f(^) = ^ i F(p)e-''^dp 
The Fourier transform is used for functions whose domain is the whole real 
line. If the domain is the positive real line the Fourier cosine, sine transforms 
defined as given below are used : 
iff Fc(P) = J - L f (^ ) cos (p^) d^  , 
VTC ^ F.(P) =^- I f(^)sin(p4)d^, 
with the inversion formulas given respectively as 
f(^) = ^ \ l F,(p)cos(p^)dp, 
f(^) = ^^ J^ ' F,(p)sin(p4)dp. 
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II. Hankel transform : 
Hankel transform of order r is defined in terms of J^(p^), the Bessel 
function of the first kind of order r, as follows : 
H(^) = [ pf(p)J,(p^)dp, 
with its inversion formula given as : 
f(p) = [ ^H(0J.(p^)d4. 
III. Mellin transform : 
Mellin transform of a function f(^) whose domain is the positive 
real line is defined as follows : 
F(4) = - r [ f (p ) ;4 ] = [ P^-'f(p)dp, 
with the inversion formula given by : 
f(p) = .r /- ' [F(^);p] = J - T " ^ p-^F(^)d^. 
The integral on the right is taken over a line parallel to the imaginary axes 
at a distance y, in the ^-plane and to the right of all the singularities of f(^). 
In the foregoing section, a three-dimensional mixed boundary value 
problem for an initially stressed body has been discussed. 
3.1 Small deformation of an initially stressed body : 
Various elastic bodies are found to possess some initial stress 
which exists in the body by process of preparation or by the action of body 
forces. For example, if a sheet of metal is rolled up into a cylinder and 
edges welded together, the body so formed is in a state of initial stress and 
the unstrained state cannot be attained without cutting the cylinder open. 
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These initial stresses may be assumed to cause finite deformation. If in 
addition to this, the body is subjected to further small deformation, the 
state of the body can be studies as the superposition of the latter on the 
former [34]. Kurashige [51], [52] discussed a two-dimensional crack 
problem for an initially stressed neo-Hookean solid and later on discussed 
a circular crack problem for the same. 
In this chapter attempts have been made to (a) obtain a basic 
equation to be satisfied by a displacement function and to express the 
components of incremental displacement, stress and strain by it for an 
axisymmetric problem under incremental deformation theory of neo-
Hookean solid and (b) obtain the solution of a crack problem for initially 
stressed body. 
Basic equations : 
We have adopted the fundamental equation of incremental deformation 
theory constructed by Biot [12]-[14] and Kurashige [52]. In rectangular 
cartesian coordinates x. and t, the equations of motion associated with 
incremental deformation theory of elasticity are : 
and 
Af, = (Sij + S^ .w^  + S.. e-Si ,e^)n . , ...(3.1.2) 
where 
x^  = Cartesian coordinates, 
S,j = initial stress, corresponding to initial finite deformation, 
referred to x 
I . 
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u. = incremental displacement (Infinitesimal), 
e. = incremental strain, 
w. = incremental rotation, 
e = incremental volume expansion, 
s = incremental stress referred to axis which are incrementally 
u 
displaced with the medium, 
A f = incremental boundary force per unit initial area, 
n^  = component of unit normal to boundary surface, 
Q = density in a finite deformation. 
In equations (3.1.1) and (3.1.2), the usual convention for summation 
over repeated indices is applied. The second, third and fourth terms of left-
hand side in equation (3.1.1) represent the effect of initial stress. 
The incremental strain-displacement relations can be written in the 
same forms as in classical elasticity', because the incremental displacement 
is infinitesimal. Hence we have : 
'^^ = 2^^ ^ ^^^ -(3.1.3) 
1 , d\i, du. 
Taking the material to be a so-called neo-Hookean solid, elastic potential 
per unit volume is expressed in the form [103]: 
w = - Mo (K + >^\ + M - 3), ... (3.1.5) 
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with 
X,X,X,=\. ...(3.1.6) 
where X is extension ratios and ii„ is shear modulus in an unstrained state. 
The initial stresses satisfy the following stress-strain relations: 
S„-S , , = ^,{X]-X\), ...(3.1.7a) 
S , , - S 3 3 = yi,(X\-k\), . . . ( 3 . 1 . 7 b ) 
S 3 , - S „ = ^i,(X]-X]). ...(3.1.7 c) 
The total differentiation of equation (3.1.7) and consideration of incremental 
shear deformation give the following incremental stress-strain relations [76]: 
Sii - S22 = 2^0 ( X] e„ - X\ e^, ) , ...(3.1.8 a) 
S22 - S33 = 2^0 ( X\ e ^ - X] 633 ) , ...(3.1.8 b) 
S33 - s „ = 2^0 ( >^ 3 633 - K e „ ) , ...(3.1.8 c) 
and 
s,, =^o ( X] +X\ ) e „ , ...(3.1.9 a) 
s^ =tio{X\ ^X\ ) e ^ , ...(3.1.9 b) 
S3, =ii, {X] + X\ ) €3 , . ...(3.1.9 a) 
3.2 Axisvmmetric incremental deformation : 
The half plane is assumed to be deformed under the impact of an 
axisymmetric body. Let (p, 9, z) be the cylindrical polar coordinates of a 
point in the initially deformed body, and they are connected with rectangular 
coordinates by 
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p = V ? ^ ' ...(3.2.1a) 
e =tan-' ( ^ ) , ...(3.2.1 b) 
z =X3. ...(3.2.1 c) 
It is assumed that non-zero components of initial stress are Sp^ , s^^ and s^ ^ 
which are uniform throughout a body, and that the body is in the state of 
symmetrical incremental strain with respect to the z-axis. The equations of 
motion (3.1.1) reduce in the cylindrical polar coordinates to : 
^ . ^ = ^ ^ ^ . % - ( S „ - S „ , ^ = Q ^ . ...(3.2.2) 
op P OZ OZ (A 
^ ^ i ^ " ^ " ' - ' ' - - ' " ' ^ ! * """> = ' ' I F - •(3.2'> 
where the last terms in the left-hand sides represent the effect of initial 
stress and, if the initial stress is small, are negligible in comparison with 
other terms. The incremental displacements u and u^  in terms of 
potential function <t>(p,z) are given as follows: 
^ > 
u . = - — , ...(3.2.4 a) 
1 c ^ At) 
"z = - — < P T - ), ...(3.2.4 b) 
p cp rp ^ ' 
where <|) is a scalar function of p and z. Further it is easily checked that 
the condition for incompressibility 
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e - e„„ + e«, + e„ = 0 
w efj 
...(3.2.5) 
is satisfied. The non-zero components of incremental strain, rotation and 
stress can be expressed in terms of the function ^ as follows; 
e„., = - a> 
"" 5pVlz ' 'ee ^ 1 2 = (P ) p c5p5z ' " p ^ op5z ' 
e^ . 
1 A ll A 
2 dp i p c5p 
r ;iK^ a(|)i a'<i>| 
p fe^ ,.(3.2.6a) 
Wp, = 
2 ap [p 8p V ap. + ...(3.2.6b) 
S p p - s = 
,2 d 1^ a^ *^  
p ^az .(3.2.7a) 
See - S = ^0 ^p P T -dp 
1^ a>^ 
IP ^^ j .(3.2.7b) 
2 . . . 2 . 1 a 
P op 
i i . \ ( d'^ 
P — 
.{^.llz) 
where 
1 \\ d f ^'^ 
^^'^"' "'^ dp ip ap s., = \vioiK + K)i- i- P— V ^P. 
S = - (Spp+ See). 
a^4> 
^ , ...(3.2.7d) 
..(3.2.8) 
Substitution from expressions (3.2.6) and (3.2.7) into equations (3.2.2) 
and (3.2.3) gives the following equations : 
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dp 2 di 
r ,-vkA 
+ 
+ v^o K + (Spp- s„) -1 d P dp 
> — ^ 
a3 
- - Q 
.(3.2.9a) 
as 1 1 a , a , 
— + (PT~) 
& 2 p ^ qp 
{ ^^ 0 (^ 
p f p 
C*|) 
+ 
+ {^o(?^^ 2 . -^2 + VJ-(S -S^) 
+ 
+<^  ^,X\+ (S -S^) i | - ^ a^4.^ p ^ I dpdz \ ^K-'-y pap 
^ a^4^^ 
p 
V ^a' 
.,.(3.2%) 
and further substitution from the first of equations (3.2.9) into the second 
and use of stress-strain relations 
Spp-S«, =klo (K- >^ e) = 0, 
Spp-s^ = Ho(^p- K) = o, 
..(3.2.10a) 
..(3.2.10b) 
which are reduced from equations (3.1.7) give a simple partial differential 
equation of <|) and expression for stress s as follows: 
1A 
P (H> 
c 
K ^ P y 
+ dz' 
.21 d (^d^] a> Q a> k^- — p ^ + p ap ^ a p ) dz' Ho at ' 0 , ...(3.2.11) 
' "^ ^ ^ a^ ^ ^ ^ ^ ...(3.2.12) 
45 
where 
k = Xpfkt. ...(3.2.13) 
3.3 Crack problem for an initially stressed neo-Hookcan solid : 
Formulation of Problem 
The semi-infinite medium z > 0 is supposed to be initially deformed 
and components S^ ,^ in addition to S^ g is also supposed to be zero so that 
Spp = Ho(^;- X^ J = - p . ...(3.3.1) 
Further, without loss of generality the length of crack is taken to be unity in 
the plane z = 0, the centre of crack lying on the z-axis. The distribution of 
stress in the neighbourhood of the crack is studied with the help of Hankel 
transform. 
The Hankel transformation and its inversion transform of order 
zero are given by following relations : 
m = f P<t>(p) Jo(p^)dp, ...(3.3.2a) 
W) = f 4 4>(^ ) Jo(p4)d4, ...(3.3.2b) 
from which the following formulae for differentiated function are obtained; 
l A f ^ 
p 5p I ^) f 4i4^Jo(p4)d^, ...(3.3.3a) 
^ * = -J[ * 4^  J, (P4) d^  . ...(3.3.3b) 
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Using these formulae, the incremental displacements u^  and u^  , the 
incremental rotation w ^ and the components of incremental stress s^, s^, s 
are expressed in Hankel inversion as follows; 
u, = f g^^J,(p^)d^, ,.(3.3.4a) 
u, - - f <|> ^^Jo(p^)d^ .(3.3.4b) 
w = - - f 2 Jo ^ > - ^ 
^ 2 1 A 
J,(p^)d^ 
...(3.3.5) 
s^ = s - 0^ k\ (2 + k^) r ^' ^ Jo (P4) d^, 
•"0 rrr 
.(3.3.6a) 
s.= i..^ u'-K')r M-^'0^ J. (P^)d^, ...(3.3.6b) 
c}> 
s = Ho X^, f ^ ^ Jo P^^ > d^  
az^  
...(3.3.6c) 
Writing the first of equations (3.2.2) and (3.2.3) in the form 
'dp 
s~ , + Sftfi c5s. 6w, 
^ip'sj = P'\^^-^-^-^- HoKo-y^')^"'^ dz ^ , ...(3.3.7) 
substituting from expressions (3.3.5) and (3.3.6) into the above equation 
and integrating it with respect to p lead to the following expression for s : 
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pp = V:K 
f 
2 r .r^ 
dz. 
Jo(P^)d^ 
.(3.3.8) 
By applying Hankel transform, the basic equation (3.2.11) reduces to the 
following ordinary differential equation : 
dz^  ^ ^x^ = 0 ...(3.3.9) 
Boundary Conditions 
If the pressure P(p) is supposed to be applied to the plane z = 0, 
the boundary conditions for the semi infinite body are presented as follows: 
f« 
u, = 
0 , 
- p ( p ) 
0 
- p 
( 0 < p < o c ) 
( 0 < p < o c ) 
( 1 < P < Q 0 ) 
( 0 < p < l ) 
...(3.3.10a) 
...(3.3.10b) 
...(3.3.11a) 
...(3.3.11b) 
Solution of the Problem : 
The solution of the differential equation (3.3.9) for half-space z > 0 
is given by 
^ = A(4)e^^ + B(^)e''^S ...(3.3.12) 
where A(^) and B(4) are integral constants. Application of the boundary 
conditions (3.3.10) to equation (3.3.12) gives 
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A(0 = 
B(^) = - 2 
...(3.3.13a) 
...(3.3.13b) 
The boundary conditions (3.3.11) applied to equation (3.3.12) give the 
following dual integral equations 
f 4 m JO(P4) d^  = P , ( P < 1) ...(3.3.14a) 
[ m Jo(P^) d^  - 0, ( P> 1) ...(3.3.14b) 
where p(^ is an unknown function. The above dual integral equations are 
a special case of the pair of equations considered by E.C. Titchmarsh [101] 
and therefore, the solution of equations (3.3.14) is given as follows : 
m) = 5 1 J 2 cos ^  2sin^ cos^ 
^ 
..(3.3.15) 
Thus p(^ ) being determined, the constants A(^), B(^) and p(^) are 
known. Now the function ^ can easily be determined from the equation 
(3.3.12). Hence the problem is completely solved. 
The non-vanishing components of incremental displacement and 
incremental stress are found in terms of the Hankel inversion as follows: 
1 
Jcos^ sin^ cos^ 1 
r Jo(p^)d^ .(3.3.16a) 
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1 
" P .. 'iZ ( / I , I .2 \2 Ho?i^J(l + k^)^-4k} 
[ {;i + k^)e^^-2ke''^^}x 
cos^ sin^ cos^ J _ 
Jo(P^)d^ 
...(3.3.16b) 
1 
{(l + k') '-4k} 
cos^ sin^ cos^ 1 
Jo(P^)d^ 
.(3.3.17a) 
1 
2P {(1 + kO -4k} 
[ (l + k ' ) ' ( e ' ^ - e''^^)x 
| c p i ^ s i n i _ c ^ _ Uj ,(p^)d^ ...(3.3.17b) 
Spp = (0 + k ' ) ' -4k} ^ 
{:i-hk^)^e^--4kV^i|^ + ^ - : ^ - 4 
2 V 
xj„(p^)d^-^f il.k^) e--2ke^-}[^.^-^^i^-J,jj.(p^)d^ 
...(3.3.17c) 
^ee — {(1 
2k^ 
- y \ — r ( i - k * ) r e^4^+—-^^-4-k(P^)d^ 
+ k ' ) ' - 4 k ) 1^^ ''* [ ^ ' ^ 2 ^2JoKy^fh 
^ [ i l + k )^ e^^-2ke^'4 ii^\[cos^ sin 4 cos^ 1 
V V 2^ ^ 
- - T J,(p^)d^ 
...(3.3.17d) 
Numerical result : 
The variation of the radial component of incremental stress has been 
shown in Fig. [5]. 
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Fig 5 The vorioticr, of the rodiol component of tncrementol 
stress Sxx with z 
m-m 
CUaPTER- IV 
VARIATIONAL APPROACH 
This chapter deals with the variational approach which is rather more 
versatile and advanced as compared to other methods like those of complex 
variables, integral transform and other direct methods. This approach 
relies on the calculus of variations and involves extremizing of a 
'functional'. While employing this approach in solid mechanics, the 
functional term should be the potential energy, the complementary potential 
energy or some derivative of these viz. Reissener's principle. In finite 
element method also the variational approach plays the role of an integral 
part and this method has been very widely employed to solve problems of 
elastic bodies having complicated shape. 
In solid mechanics, the problems are generally different but have 
equivalent formulations - a differential formulation or a variational 
formulation. In the differential formulation, the problem is to integrate a 
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differential equation or a system of differential equations subjected to 
given boundary conditions. In the process, certain classes of functionals 
arc considered with the view toward establishing necessary conditions for 
finding functions that extremize the functionals. The results are ordinary 
or partial differential equations for the extremizing functions (the Euler -
Lagrange equations) as well as the establishment of the dualities of 
kinematic (or rigid) and natural boundary conditions. It is found that the 
natural boundary conditions are not easily established without the use of 
the variational approach. Since these conditions are often important for 
properly posing particular boundary value problems, it is concluded that 
the natural boundary conditions are valuable products of the variational 
approach. 
A general method for obtaining approximte solution to problems 
expressed in variational form is the Ritz mehtod. Weighted residual methods 
(WRM) are also widely used to solve the problems of elasticity. In using 
the WRM, the field solution is assumed in such a way that it satisfies the 
boundary conditions exactly but the differential equations approximately. 
Among these the Galerkin method. Least Square method. Collocation method 
and Kantorovich's method are abundantly used. 
In this chapter, an attempt has been made to solve a classical problem 
of a rectangular plate simply supported at sides x = 0, x = a and clamped at 
y = 0, y = b by 
(i) Ritz method, (ii) Galerkin method and (iii) Kantorovich method. 
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4.1 Basic equations : 
An important variational approach is to obtain the maximum total 
potential energy. The strain energy U of the plate for linear elastic behaviour 
is found by evaluating the following integral 
u = i n . fw>-i^«d^^''dy' ...(4.1.1) 
where the convention of summation over repeated index is adopted. Using 
(1.1.6), we get from (4.1.1) 
U = 
2(1-v^) I I C : k+2ve„e, ,+e^+2(l-v)e^}dzdxdy^ (4.1.2) 
where h denotes the thickenss of the plate and R is the region of the plate. 
The potential energy for the external loads is given as follows: 
V = - £ q(x,y)w(x,y)dxdy, ...(4.1.3) 
wherein the loads q(x,y) are assumed to act on the mid-plane surface of the 
plate and w(x,y) is the vertical displacement function of the mid-surface. 
The components of strain expressed in terms of displacement field 
(u ,^ v^ , w) of the mid surface are given as follows : 
.(4.1.4a) 
c^y c y ' ...(4,1.4b) 
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cu, 
dx 
dv^ 
c^ w 
' c x ^ 
- z ^ 
[ d y 
( V . 
ex 
- z 
-.1 
c w 
d\dy 
...(4.1.4c) 
where 
u, = u,(x,, x ,^ x,) , 
V = U / X , , X ,^ X,) , 
refer to stretching action of the mid-surface. All other strains are zero. 
We note an obvious difficult>' in that the transverse shear stresses (t^ ,^T^^ ) 
will be zero for the proposed displacement field. 
The stress components in terms of w(x,y) are given by [20]. 
Ez 
1-v^ 
^ c ^ w 
-N 2 
rx 
+ V 
dy' J 
.(4.1.5a) 
» 
Ez 
1-v^ 
r p2 2 . . . ^ 
r w c w 
ry 
+ V 
dx' .(4.1.5b) 
Ez 
1 + v 
c- w 
...(4.1.5c) 
Using the equations (4.1.2) and (4.1.4), the expression for the total potential 
energy functional n is given as follows [20] : 
" - ?/I (V w)' + 2(l-v) c w 
*, 5xcV fix- cV 
dx dy-
(4 16) 
where ^ -
- f [ qwdx dy 
12(1 - v ^ is a constant called the bending rigidity. Eh' 
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4.2 Formulation of the problem : 
A rectangular plate has been considered to be simply supported at its 
sides X = 0 and x = a, while clampled at y = 0 and y = b. The plate is 
assumed to be under the action of a triangular load (q = q^x/a) at its centre. 
The boundary conditions for this problem are given by : 
dw 
w = -— = 0^ atx = 0, a, ...(4.2.1a) 
OK 
w = — = 0, aty - 0, b. ...(4.2.1b) 
Under the above boundary conditions the Gaussian curvature is zero and 
thus equation (4.1.6) reduces to 
"" ^ f^i^^ | (V^w)^- ^ w | dxdy, ...(4.2.2) 
since the plate is under the action of a triangular load at its centre (x = a/2, 
y = b/2) we have from (4.2.2) 
^ = f / I { ( V ' w ) ' - ^ w ( x , y ) } dxdy ...(4.2.3) 
Solution of the problem bv Ritz method : 
One general method for obtaining an approximate solution to problem 
expressed in variational form is the Ritz method. It consists of assuming 
the form of the unknown solution in terms of known trial functions with 
unknown adjustable parameters. From the set of trial functions, the fimction 
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that renders the functional stationary is selected. The trial functions are 
substituted into the functional and thereby the functional is expressed in 
terms of adjustable parameters. The functional is then differentiated with 
respect to each parameter and resulting equation is set equal to zero. 
Solving the set of simultaneous equations, the unknown parameters are 
determined and the approximate solution is found out. 
Let the approximate solution be 
w = c,xy(x^-a^)^(y^-b^)^ , ...(4.2.4) 
which satisfies the boundary conditions exactly. Using equation (4.2.4) in 
equation (4.2.3) and extremizing with respect to parameter Cj we get 
yf-'/D 
[o.eVa* + 0.67b' + 0.66a'b' ]ab 
...(4.2.5) 
The displacement function w(x,y) is thus known. Then the appoximate 
solution of the problem will be 
0088 'qy^)xy(x^-a^ny^-b^)^ 
w = 1 ^ f ^ —T . ...(4.2.6) 
[0 67a* + 0.67b'+0 66a'b' Jab 
The stress components can be found out in terms of displacement function 
w(x,y) from the equation (4.1.5). The maximum diflection w ^^  occurs at 
the centre (a/2, b/2) of the plate and is given as follows. 
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w _ = w(a/2,b/2) = 
7.128 f^»j^ja'b' 
1024 [0.67a* + 0.67b* +0.66a'b' ] 
.(4.2.7) 
Stress components : 
The stress components are given as follows : 
c,Ez r(20x^-12a^x)(y-+b*y-2b-y^) + 
l-v^ L +v(20y'-12b'y)(x'+a-'x-2a'x') .(4.2.8a) 
» • 
c,Ez r(20y'-12b^y)(x-+a*x-2a-x^) + 
,_^2 [ +v(20x'-12a'x)(y-+b*y-2b'y') ...(4.2.8b) 
CiEzr,. , . . 
1 + v 
[(5x*+a*- 6a'x') (5y'+b*-6b'y')] 
.(4.2.8c) 
For a square plate : 
The case of a square plate can be obtained by putting b = a. The 
component w, is given by 
w, = C2xy(x^-a2)2(y2.a')2, ...(4.2.9) 
where c^ is obtained from the expression for c, after putting b = a, in equation 
(4.2.5) and we get: 
c, = 0 0444 
/'^ / ^ qo 
'Da*j ...(4.2.10) 
57 
The maximum deflection at the centre (a/2, a/2) of the square plate is given 
by 
w,(a/2,a/2) = 0.0034804K ^y^ J 
which agrees with the known solution for a square plate. Stress components 
for a square plate can easily be found out from equation (4.2.8) on putting 
b = a. The variation of normal stress x^ against x/a for various values of v 
has been shown in Fig. [6]. 
Solution bv Galerkin method ; 
This method involves direct use of the differential equation; it does 
not require the existence of a functional. For this reason the method has a 
broader range of application than does the Ritz method. It can be observed 
that the two methods are closely related in the area of solid mechanics. 
However, there is some advantage in using the Galerkin method over the 
Ritz method since the equations for the unknown coefficients in the assumed 
approximate solution are reached more directly than in the Ritz method 
which deals with the functional. 
Let us consider the linear equation 
Lu = f, ...(4.2.11) 
where L i sa function of differential operator and the boundar>' conditions 
are homogeneous. The right side may be thought of as a forcing function 
of some sort and we may formulate a "virtual work" expression for this 
function as follows : 
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(5w), = IJJ^  f8udv, ...(4.2.12) 
where 6u is a "virtual displacement" consistent with the constrains. It must 
also be true from equation (4.2.11) that 
jJJ^  (Lu)5udv = JJj^ f 8udv . ...(4.2.13) 
We take the approximate solution as 
D 
...(4.2.14) 
i = l 
where the functions <|). called the coordinate functions, satisfy all the 
boundary conditions of the problem. The function u will not satisfy 
equation (4.2.13), exactly, however to find the coefficient a^  we can choose 
for the n virtual displacements also the n coordinate functions ^. so that 
jJI^ (Lu-f)<|)idv = 0, 1 = 1,2,...,n. 
..(4.2.15) 
Using equation (4.2.15) to the plate equation viz. 
^n \ W = D \^J va. 
we get 
n: ^' w X qo 
vay 
•^•d\ dy = 0 
...(4.2.16) 
.(4.2.17) 
The boundary conditions for the problem are given as follows 
dw -
w = — = 0 , at X = 0, a. .(4.2.18a) 
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w = — = 0, at y - 0 , b. ...(4.2.18b) 
dy 
Let us introduce the non-dimensional variables <; and TI defined as follows : 
q = x/a , ...(4.2.19a) 
Ti = y/b. ...(4.2.19b) 
The boundary conditions (4.2.18) can be written as 
dw 
w = — = 0^ on c; = 0, 1 , ...(4.2.20a) 
w = — = 0, on Ti = 0, 1. ...(4.2.20b) 
With the boundary conditions (4.2.20) in mind we set the following 
functions: 
g, = q (q^  - 1)^  , -(4.2.21a) 
g, = q^  (q^  - 1 ) \ ...(4.2.21b) 
h, = Ti (n^ - 1) ,^ ...(4.2.21c) 
hi =n ' (n ' - !)'• ...(4.2.21d) 
We can then formulate a set of four coordinate functions <|>ithat satisfy the 
given boundary conditions : 
*, - g,h, = qn {q' - If (n^ - 1) ,^ ...(4.222a) 
<t>. = g,h, = qn' {q' - ly m' - ir, ...(4.2.22b) 
«|.3 = g,h, = q'^ {q' - \f (n^ - 1)^ , ...(4.2.22c) 
<t>4 -82^2= <;W (;' - D' in' - 1)^  • ...(4.2.22d) 
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The trial function w is given as 
w = c„g,h, + c,2g,h, + Cj,g,h, + c^^g.h,, ...(4.2.23) 
where the c's are to be determined by the Galerkin method. 
Now equation (4.2.17) need only be integrated over one quadrant as a 
result of symmetry. Also it is noted that 
cV p^ 
+ • 
dx' dy' a'dq' b'f^n' ' .(4.2.24) 
We thus have the following four equtions by equations (4.2.22) on 
multiplying through by b* : 
'1 r) n b^_a^^_a^yrc„g,h,+c„g,h, + '|_^, 
x(g,h,)dqdTi = 0 
v D y 
r.^ 
vay 
ti 2 a2 b^ d + >=>Vc„g,h,+c„g,h,+ 1 r.\f.\ 
it 
a' dc; dx\' 
-b^ 
L +C2,g2h,+c^g,hJ 
x(g,hj)dqdTi = 0 
vDy vay 
fc„g,h,+c„g,h, + 
+ C2,g,h,+c,,g,h b^ 2y . a ; K^J 
x(g2h,)d(;dTi = 0 
it 2 =2 b^ d 52 ^ + a' dq' ch\' C i i g i h , + c , 2 g , h , + "l b^ ^qo^ vDy U' U, 
...(4.2.25) 
...(4.2.26) 
...(4.2.27) 
...(4.2.28) + C j , g , h , + C j , g , h 2 y 
^(g2h2)d(;dTi = 0 
For a given ratio bVa^ we may solve the preceding equations for coefficients 
c.. in terms of D, b and q^. In the case of a square plate a = b and bVa- = 1. 
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The above equations reduce to 
0.803082 1.3755160 1.3755160 1999870 
0.197116 0.5128103 0.4107521 0.785643 
0.197162 0.5451260 0.5128090 0.309608 
0.054060 0.1563016 0.1563016 0.309608 
'12 
•'U 
a'qo 
D 
0.04444 
0.01111 
0.00423 
0.00105 
Solving with the aid of a computer we get 
...(4.2.29) 
' c„ 
C,2 
C21 
. C22 . 
D 
0 08020 
002089 
-0.15840 
0.00726 
The approximate solution to the problem is then given as follows : 
w = 
(0,08020)' m. ' ' ! . , ' r..2 
+ (0.02089) 
^ v ^ 
va ; 
(-0.15840) 
UJ 
laj 
- 1 
va y 
>Vy2 V 
- 1 
% - • vD y 
+ (0 00726) fxY rvV 
va. 
y r..2 \ 
'•'U 
The deflection at the centre (a/2, a/2) of the square plate is given as 
w™x =0 00348041'^o a y 
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Solution bv Kantorovich method : 
A serious deficiency of the Ritz method as well as the Galerkin method 
is that the obtained results have a strong dependence on the coordinate 
functions chosen. The method of Kantorovich which we now consider will 
decrease this dependence of the results on the choice of the coordinate 
function thereby making the process more effective. However, this gain 
will not be reached without additional computational efforts. The 
Kantorovich method can be reformulated to be the solution of a Galerkin 
integral. 
Let us define the coordinate function (|>, (y) as 
4»,(y)=y(y^-bO^ ...(4.2.30) 
The trial function W is given as follows : 
W=c(x)y(y^-b^) ' , ...(4.2.31) 
where c(x) is an unknown function of x. Thus we have initially 
£ r D <l»,(y)dy dx=0 ..(4.2.32) 
where q is the triangular load given as q = q^x/a. 
The equation (4.2.32) will be satisfied if we take 
•'» i D «t»,(y)dy = 0 .(4.2.33) 
Substituting equations (4.2.30) and (4.2.31) into equation (4.2.33), we get 
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r V*{c(x)y(y^-b)^}^-^k 
D 
y(y^-b^rdy = 0 ...(4.2.34) 
Therefore, 
Jo 
.2 , u 2 , d ^ ^ y ( y ^ _ b ^ ) d : ^ _ q ± ^ 
dx' dx' D a 
120c(x)y + 8y(5y^-3b ' ) - -^+y(y ' -b ' ) y(y^-b^)^dy = 0. 
...(4.2.35) 
Integrating equation (4.2.35), we then get on multiplying through by 
(384/10395b'). 
b ^ - ^ - 2 2 b ^ ^ ^ + ^ ^ ^ c = dx" 
d'c 3465 3465 
— 7 + C 
dx' 4 768 
^ i ^ x / 
^bD Ay ...(4.2.36) 
The characteristic equation for the differential equation (4.2.36) is given as 
follows : 
. . . , _ , 3465 
...(4.2.37) b * P ' - 2 2 b ' P ' + ^ ^ = 0 
whose roots are given by 
P..2,3,4 = - ( ± a ±p) , ...(4.2.38) 
where 
a = 4.49, 
3 = 3.03 . 
The complementary function (C.F.) is given by 
C.F, = By"^*P '^"''+B2e<""'P>'"''+B3e<'"'P>'"' + B4e'-"^ *''>''V ...(4.2.39) 
Expanding e*" in terms of hyperbolic functions and e*'P in terms of sine and 
cosine functions, the C.F. becomes 
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CF - A, coshax/b cosPx/b +A^coshax/b sin 3x/b + 
+ A, sin ha x/bsin 3 x/b + A4 sin ha x/bcosP x/b 
The particular integral (P.I.) is 
.(4.2.40) 
PI = 
192 
X 
abj .(4.2.41) 
Taking c(x) to be an even function of x, we can set A^ = A^ = 0, so that the 
general solution for c(x) is given by 
c(x) = A, coshax/bcosPx/b +A3sinhax/bsinPx/b + 
fr. ^ 
vDy 
r ^\ 
vaby 
...(4.2.42) 
On using the condition c(a) = c'(a) = 0 to satisfy the boundary condition for 
W, we can find out the remaining constants Aj and A3 easily. 
Therefore, 
A, coshaa/b cosPa/b + A3 sinhaa/bsinPa/b + 1 fqo 
192 bD. = 0 ...(4.2.43) 
A J — coshaa/b cosPa/b-— coshaa/bsinPa/bi^ + 
[b b J 
+ A3J — coshaa/b sin Pa/b + — sinhaa/bcosPa/b 
+ • 
1 rr. \ 
192 K^J 
- = 0 
Labj 
..(4.2.44) 
From equations (4.2.43) and (4.2.44), we get 
A, -
192 
So. 
D r^^ Yo J 
f \ 
wo j 
^O 
v'ly 
.(4.2.45) 
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A3 = 
192 
f \ 
Si 
b 
( \ f \ 
Yi ll 
yyo J Wo y 
where 
Yp = P sinha^ cosha^ + a sinpn cosp^ , 
Yj = cosha^ cosPn , 
Yj = a sinhan cosPn - coshan sinp^i, 
Y3 = sinhan sinP|i , 
and |i = a^. 
The solution is given by 
...(4.2.46) 
W = 1 
192 -^ jA, coshax/b + A3 sinhax/b+ —y y(y - b^) _ ...(4.2.47) 
The maximum deflection at the centre of the square plate is obtained 
by putting x = a/2, y = a/2 in equation (4.2.47) and is given as : 
r^ -4 / > 
W „ . = 0.0034704 Qoa D V / " y 
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iMWfrm • 1 
CUaPTER - V 
A PUNCH PROBLEM; 
APPLICATION TO A 
BIO-ENGINEERING PROBLEM 
In this chapter an attempt has been made to solve a punch problem 
when a two-dimensional semi-infinite plane has been pressed by a row of 
rigid parabolic punches. Later on, a bio-engineering problem has been 
discussed in which an attempt has been made to find the threshold velocity 
of a parabolic projectile hitting the human skin membrane when it is about 
to rupture under the impact of the projectile. 
I. A PUNCH PROBLEM ; 
5.1 Semi-infinite medium punched bv a row of identical rigid 
blocks ; 
Punch problems have always been a subject of interest and concern 
since they occur frequently in practice. Much work has been done in this 
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direction but as a brief survey, some of them are cited here. In 1986, 
Fabrikant [23] discussed the problem of a flat punch of arbitrary shape on 
an elastic half-space. Later on, he discussed the same problem but with an 
inclined flat punch. In 1988, Jaffar and Savage [39] gave a numerical 
solution of line contact problems involving bonded and unbonded strips. 
In 1989, Hasebe et.al. [38] discussed fractional punch and crack in plane 
elasticity. Recently, in 1996, Fan and Chyanbin [25] have discussed punch 
problems for an anisotropic elastic half-plane. 
In this section an attempt has been made to find the stresses and 
displacement when an elastic half-space is indented by an infinite row of 
punches. The punches are supposed to be parabolic, identical, equally spaced 
and acting normally on the boundary y = 0 of the half-space S^  which is 
assumed to be homogeneous, isotropic and occupying the space y > 0. The 
punches being parabolic have no corners while pressing the medium. Hence 
it is a case of "incomplete penetration". Let the length of the region of 
contact of each punch with the half-space be '2a' and the distance between 
the centres of two consecutive punches be 'd'. 
5.2 Basic equations : 
Let (x,y) be the rectangular cartesian coordinates and z = x + iy, 
z = X - iy. The displacement vector D (= u + iv) and stresses x , x and x 
are given by equations (1.4.1). If we take v|/(z) = <t>(z) - z <|)'(z), then equations 
(1.4.1) take the form 
nD = n(u + iv) = K«|»U)-<|>(z) + (z-z)<t>'(z), ...(5.2.1) 
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T^  - ix^ =2 [f(z)+<|>'(z) + ( z - z ) f (z)] , ...(5.2.2a) 
+ i T^ =2 [••(z) + 4i^) + (z -z ) f ( r ) ] , ...(5.2.2b) 
•c« 
where <|>(z) is defined in the half-space S\ We now define <|)(z) for the half-
space S" (y ^ 0) by taking 
<Kr) = -*(z) ( z i n S ) , ...(5.2.3a) 
f(z) = -f(z) ( z i n S ) , ...(5.2.3b) 
so that 
(Kz) = -^z) (zinS^), ...(5.2.4a) 
4.'(z) = -4.'(z) (zinS"). ...(5.2.4b) 
Thus, equations (5.2.1) and 5.2.2) may now be written as 
^D = K(t>(z) + *(z)+(z-i)«|)'(z), ...(5.2.5) 
x„ - i T^ =2 [4»'(z)-f(z) + (z -z) r (z) ] , ...(5.2.6a) 
T„ +ix^ =2 [f(z)-<|)'(z)-(i-z)<|»"(z)], ...(5.2.6b) 
where K is given by the relation (2.2.4). 
Solution of the problem : 
The punches are pressing the half-space normally along the boudnary 
y = 0 and we denote the union of the regions of contact by L. Hence the 
region not being pressed, denoted by L is given by : 
(n-l)d + a < | x | < n d - a , y = 0, ...(5.2.7) 
where n = ± 1, ± 2, ... 
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Boundary conditions : 
T^=0 ony = 0, x e L , ...(5.2.8) 
x^ = 0, forallx on y = 0 , ...(5.2.9) 
v = a-px2=f(x) on y = 0, X G L , ...(5.2.10) 
where 
a>0, p>0. 
The boundary conditions at infinity are that the stresses and rotation should 
vanish at large distances from the boundary y = 0. On the boundary y = 0, 
we have 
nD = K(J)(z) + (j)(z), ...(5.2.11) 
T„=x„=2[f(z)-( |) '(2)], ...(5.2.12a) 
T^  =0 . ...(5.2.12b) 
Taking into account the periodicity of stresses and displacements, the form 
of <t>(z) can be taken as follows [22A] : 
jk(.\ io^c'^r F(Tl)dTi Acos(27tz/d) 
ffi(z) = lC0S 1 . + • / ^ S ^ n ^ 
d J" Vcos(27cri/d)-cos(27iz/d) Vcos(27ca/d)-cos(27tt/d) ""^ "'•^^ 
where F(TI) is a real continuous function and A is a real constant. Following 
England and Green [22A], an examination of the square root suggests that 
if 
M = Vcos(27ni/d)- cos(27tz/d) = ^ e ' \ ...(5.2.14) 
where 
4^cos2X = cos(27tTi/d)-cos(27nc/d) cosh(27ry/d), ...(5.2.15a) 
^^  sin 2X = sin(27Dc/d)sinh (27cy/d), ...(5.2.15b) 
we have 
, fd "l 
M = Vcos(27tTi/d)-cos(27Dc/d), |^->x>n. x>0, y-»>±Oj, ...(5.2.16a) 
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M = -Vcos(27CTi/d)-cos(2roc/d), ( ^ - > | x | > T i , x < 0 , y - » ±oj^...(5216b) 
M = iVcos(27Cx/d)-cos(2jtTi/d), ( | X | < T I , y - ^ + o ) , ...(5.2.16c) 
M = - iVcos(27Cx/d)-cos(27CTi/d), ( | X | < T I , y - ^ - o ) . ...(5.2.16d) 
It is also noted that <)>'(z) is of the order unity for large I y 1. From equation 
equation (5.2.13), using equations (5.2.11), (5.2.12) and (5.2.16) we see 
that boundary conditions (5.2.8) and (5.2.9) are satisfied. The third boundary 
condition (5.2.10) gives 
^z) + ^ z) = ^(a-^x'), ...(5.2.17) 
k + 1 
which can again be written as 
, , . , r F(Ti)dTi 2^ p^x 
"^^^"^^'H Vcos(2.,/d)-cos(2;ac/d) = ' 1 ^ ' ^'^^^^^^ -^'•^'^^ 
This is an integral equation of Abel type and its solution is given by 
F(Ti) = -
or, 
m d p xsin(7Dc/d)dx a p xsini,7tx/ajax 
An Jo L^rCy-r^ /A\-r.r^of'ym-^/,i\ ' . . . ( 5 . 2 . 1 9 ) (K + l)dJdTi  ^cos(27Dc/d)-cos(27tTi/d) 
F(Ti) = - ^ ^ ^ tan(7in/d). ...(5.2.20) 
The normal stress under a typical punch is given by 
uPd cos(7Cx / d) + (cos' (7tx / d) - cos^ (7ta / d)} 
;i + K) °^' cos(7ra/d) 
Acos(7tx/d) -I ...(5.2.21) 
^cos(27cx/d)-cos(27ca/d)J . (0 ^ x < a). 
Since the parabolic punch has no corners at the end points of the region of 
contact, it is a case of incomplete penetration. Thus, for the normal stress 
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Xyy to be finite at x = ± a, we must have 
A = 0. ...(5.2.22) 
Hence, the normal stress under a typical punch is given as. 
Tyj, = -[log^{cos(TOc/d) + cos^(7ix/d)-cos^(7ca/d)}-log^cos(7ia/d)] 
7t(l + K ) ' 
(0<|x|<a). ...(5.2.23) 
If P is the resultant thrust on a punch, then the length of the region of contact'2a' of 
each punch with the half-space is given in terms of P by the relation 
P = -f. (^«)>=odx, ...(5.2.24) 
or, 
71(1 + K)P = 8npd^ log. sec(7ca/d). ...(5.2.25) 
The variation of the normal stress under a typical punch for four different 
values of m = (2a/d) has been represented graphically in Fig. [7]. It can be 
seen from the curves that even a substantial increase in the ratio m does not 
appreciably affect the shape of the curve although the "minor axis" of the 
"ellipse" increases by nearly 80% as m increases from 0 to 0.9. 
Particular case : 
The case of indentation of a half-space by a circular block of large 
radius or of a single parabolic punch can be obtained as a special case by 
letting m tend to zero. The normal stress under the punch is found to be 
given by 
,« X Slip n — r 
' " ^ ' ' ' ^ ^ ' o f K ) ' ' ' ...(5.2.26) 
which agrees with the result given by Green and Zerna [35]. 
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Fig. 7 Variations of normal stress under a punch. 
II. A BIO-ENGINEERING PROBLEM* : 
S.3 Introduction : 
In this section, a bio-engineering problem has been considered as an 
application of the theory of elasticity. The human skin membrane is fairly 
elastic and impact of a projectile of certain shape, striking at certain speed 
has been studied under the frame work of the theory of elasticity. The effect 
of impact of a spherical projectile has already been studied by Jauhari and 
Mahanta [40]. Jauhari and Bandhopadhyay [41] have established the theory 
for the elastic break down of the human skin membrane under the impact of 
a spherical projectile. As a first approximation, the skin has been treated 
as a homogeneous, isotropic elastic membrane like a ductile material. On 
the basis of maximum shear theory, the elastic breakdown was investigated 
and an expression for the threshold velocity for the elastic break down was 
obtained. As in the yielding of an elastic body, the elastic break down of 
the skin membrane is the first stage in the process leading to its ultimate 
rupture. Once the yielding starts, the inelastic strain increases, eventually 
leading to the rupture of the membrane. 
When an elastic body is stressed by a tensile force, the longitudinal 
strain is proportional to the tensile force. But this proportionality holds 
only upto a certain limiting value of the tensile stress called the "proportional 
limit" which depends upon the properties of the material of the elastic body. 
The content of tiiis section has been published in Def Sci. J. Vol. 46(1996), 
233-236. 
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The relationship between the tensile force and the strain becomes 
complicated, as the limit is exceeded. To investigate the behaviour of a 
material beyond the limit of proportionality, the mechanical properties of 
the material should be known beyond this proportional limit. These 
properties are usually defined by tension and compression (elongation) test 
diagrams. Tension test diagrams for human cadavers (without subcutaneous 
fat) of different age groups are available in literature [83]. The diagrams 
are helpful in analyzing the problem of rupture of human skin membrane 
under the impact of a projectile in various cases. 
5.4. Rupture of skin membrane bv a spherical proiectile : 
The rupture of human skin membrane under the impact of a spherical 
projectile has already been discussed by Jauhari and Mahanta [40]. 
Employing this theory, they have found the threshold velocity in various 
cases of skin thickness and age groups. Due to the impact of the projectile, 
the skin membrane is stressed and kinetic energy of the projectile gets stored 
in skin as the potential energy. It may cause the skin membrane to stretch 
to such an extent that it is ruptured. It has been assumed that 
(i) the projectile does not deform on impact, 
(ii) its kinetic energy is consumed only in stretching the skin. 
It is obvious that under the assumptions, the velocity of the projectile 
will continually decrease as the skin stretches and at the point of rupture, it 
is supposed to be zero, the entire kinetic energy of the projectile being 
stored as the potential energy of deformation of the skin. They calculated 
the threshold velocity for various age groups and for various size of the 
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spherical projectile which was supposed to be of steel or lead. In Ac 
derivation of the expression for the threshold velocity it was assumed that 
the skin while resisting the impact of a moving projectile, behaved in the 
manner as while resisting a static load (i.e. a punch). This assumption may 
appear questionable because in this case the load is applied very suddenly. 
It is, however, experimentally observed that the threshold velocity for the 
penetration of human skin is of the order of 125-170 ft/sec. This small 
magnitude of the threshold velocity will thus not invalidate the above 
assumption and fairly reliable results can be obtained. 
5.5 Rupture of human skin membrane under impact of a 
paraboloidal projectile : 
In this section an attempt has been made to study the rupture of human 
skin membrane under the impact of a paraboloidal projectile (i.e. a bullet). 
The tip of the bullet is assumed to be of the shape of a paraboloid obtained 
by revolving about x-axis, the parabola. Fig. [8]. 
y^  = 4Cx . (C being a constant) ...(5.5.1) 
Taking the paraboloidal part as of height 'a' and radius of cross-section as 
'b', we have 
4C = b'/a . ...(5.5.2) 
Thus equation (5.3.1) becomes 
y2 = (b=/a)x. ...(5.5.3) 
The circular cylindrical part of the bullet is assumed to be of length T. The 
theory established by Jauhari and Bandhopadhyay [41] and later on by 
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ON=:a 
AN =b 
AB =1 
OL =X 
Fig.8 Impact of o bullet on skin membrane 
Jauhari and Mahanta [40] has been employed. It is stipulated that the skin 
membrane will just rupture when kinetic energy of the bullet per unit volume 
of the strained skin membrane equals the strain energy per unit volume as 
obtained in a simple tension test of the skin membrane. According to Selly 
[85], the strain energy per unit volume is represented by the area under the 
stress-strain curve of the skin membrane right upto the rupture point. The 
condition of the rupture is represented by the following equation : 
1 - = A , ...(5.5.4) 
where 
m = mass of the bullet, 
Vjj = threshold velocity just to rupture the skin membrane, 
Ap = volume of the skin strained due to impact, 
A = area under the stress-strain curve in a simple tension test. 
Equation (5.5.4) thus gives the threshold velocity for the penetration of the 
skin membrane as follows : 
Expression for A,, : 
The tip of the bullet is taken as the origin and its axis as x-axis, and 
the frame of reference moving with the bullet. The punch of the bullet is 
considered upto a distance x in the membrane Fig. [8]. 
A length '2y' of the unstrained skin will be stressed to a length 'L' 
given as under: 
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1 / r I 7=: r^x V x + C + V x 
^ = Vx Vx + C + C log 7= .(5.5.6) 
The percentage elongation of the strained skin is given by 
8 = ^^-^xlOO 
.(5.5.7) 
where 
LQ = 2y = ^yjcH 
Equation (5.5.7) gives the percentage elongation so long as the bullet 
has pressed the skin upto a distance only less than or equal to 'a*. For 
further depression the percentage elongation e will be independent of y 
which takes the constant value b. When x < a, we have 
Vc 
/lOO" 
When X = a, we have 
2VCx 
, ( x < a ) . ...(5.5.8) 
8 = 100 1 /71—iT b' , V4a' +b ' +2a — V4a^+b + — log 
2 4a a 
- b 
...(5.5.9) 
In particular, when b = a, we have 
c = 48% (approximately) 
The expression for A^ is obtained by multiplying the of > 
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•a 
the bullet with the thickness of the skin. Thus 
.2. b^ A, = nyX = Jt—xto , ...(5.5.10) 
a 
where t^  is the thickness of the skin. Therefore, the maximum value of A^  is 
obtained when x = a and is given by 
max(Ao) = 7ib'to . ...(5.5.11) 
Expression for A : 
As mentioned earlier, 'A' represents the area under the stress-strain 
curve of skin in a simple tension test. According to Seely [85] this, in the 
case of ductile materials, is approximately represented as : 
A = ^ ^ . - S . ) e „ , ...(5.5.12) 
where S^  and S^  are the yield point and the ultimate strength of the material, 
respectively and e^  is the strain at the rupture point. Stress-strain curves 
for various age groups are available [85] and the area under these curves 
has been directly calculated and is given in Table [1]. 
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Table - 1 
'A' 
Percentage elongation at rupture, and threshold velocity 
(r = 1/16" and t^  = 5 mm) for different age groups 
Age groups 'A' Elongation at rupture Threshold velocity 
(ft -poundal / 
cuinch) (%) (ft/sec.) 
From two months 632.15 47 102 
prematurely bom 
infants to three-
years old children 
15-30 years 822.55 55 113 
30-50 years 837.79 33 113 
50-80 years 891.10 31 115 
EiDression for m : 
The mass of the bullet consists of two parts, viz., the paraboloidal part 
and the cylindrical part. Hence we get 
in = |7* ' (a + 2I)p, ...(5.5.13) 
where p is the density of the material of the bullet. We have considered the 
bullet to be of steel or lead for which p (steel) = 7.8 gms/cc. and p (lead) = 
11 gms/cc. 
Expression for V^^: 
Finally, expression for the threshold velocity V,^  is obtained by 
substituting the values of A ,^ m and A in equation (5.5.5) i.e. 
V - I ^""^0 A 
' = V - r » . 2 1 ) p • -(^^.H) 
Equation (5.5.14) can be used to find the threshold velocity when the other 
parameters are known. It is further assumed that 1 = 2a, thereby reducing 
the equation (5.5.14) to 
/ 4 X to A 
The threshold velocities for various values of (x/a), (t^/a) and A are 
calculated for different age groups for bullet of steel or lead. 
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Discussion : 
The variations of the threshold velocity for the bullet of lead and steel 
for different values of t^a in the age group 30-50 years have been shown in 
Fig. [9]. Under identical conditions, a steel bullet has a greater threshold 
velocity than a lead bullet of same dimensions. Further, V^ ^ increases with 
the increase in the value of t^/a. 
Fig. [10], shows the variation of the threshold velocity of a steel bullet 
for different age groups (t^a = 2.0). It is clear from curves that more the 
age, greater is the threshold velocity. This change is more appreciable 
between the age groups of under three years and 15-30 years. 
In Fig. [11], comparison between the threshold velocities of a spherical 
projectile and paraboloidal bullet, both of steel has been shown for the age 
group 30-50 years. If the two projectiles are of the same mass, then from 
equation (5.5.5) it is seen that for both of them the threshold velocities 
should be equal, other conditions remaining the same. The curves have 
been drawn with r = b = a and 1 = 2 a. The threshold velocity for the 
bullet has been found to be considerably less than that of the spherical 
projectile. In fact, the radius of curvature of the bullet tip is a/2 as compared 
to 'a' of the spherical projectile, i.e. the bullet has a more sharp tip. 
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